
Lesson 1: Selected Exercise Solutions

1. Determine which of the following sentences are propositions.

*d) If x = 2, then x2 − 2x + 1 = 0.

Solution: This is not a proposition. As in many examples where a variable is involved,

this can be tricky. The truth value of this sentence depends on the value assigned to x. For

example, if x is 2, then x = 2 is T while x2 − 2x + 1 = 0 is F . So the entire sentence is F .

On the other hand, if x is 0, then both x = 2 and x2 − 2x + 1 = 0 are F , so the sentence is

T . Since the sentence does not have a definite truth value, it is not a proposition. We’ll have

more to say about this example in the next lesson.

*e) Everybody loves somebody sometime.

Solution: This is a proposition. We can’t tell for sure if it T or F (my suspicion is F ),

but it is certainly one or the other.

2. Construct truth tables for each of the following.

*a) ¬(p⊕ q)

Solution:
p q p⊕ q ¬(p⊕ q)
T T F T
T F T F
F T T F
F F F T

*d) ¬(q ∨ p) ∧ r

Solution:
p q r q ∨ p ¬(q ∨ p) ¬(q ∨ p) ∧ r
T T T T F F
T T F T F F
T F T T F F
T F F T F F
F T T T F F
F T F T F F
F F T F T T
F F F F T F



3. Perform the indicated bit string operations. The bit strings are given in groups of four bits

each for ease of reading.

*b) (1011 1010 ∧ 0110 0110) ∨ 0101 0101

Solution:

(1011 1010 ∧ 0110 0110) ∨ 0101 0101 = 0010 0010 ∨ 0101 0101 = 0111 0111

4. Let s be the proposition It is snowing and f be the proposition It is below freezing. Convert

the following English sentences into statements using the symbols s, f and logical connectives.

*b) It is below freezing, but it is not snowing.

Solution: f ∧ ¬s. Note: In English, but often plays the same grammatical role as and.

5) Let j be the proposition Jordan played and w be the proposition The Wizards won. Write

the following propositions as English sentences.

*b) j −→ w *d) ¬w −→ ¬j

Solution:

b) If Jordan played, then the Wizards won.

d) If the Wizards did not win, then Jordan did not play.

7. Use truth tables to verify each of the following equivalences:

*a) (p ∨ q) ∨ r ≡ p ∨ (q ∨ r)

Solution:

p q r p ∨ q (p ∨ q) ∨ r (q ∨ r) p ∨ (q ∨ r)
T T T T T T T
T T F T T T T
T F T T T T T
T F F T T F T
F T T T T T T
F T F T T T T
F F T F T T T
F F F F F F F

Since the second and fourth columns in the main part of the truth table are identical, the

two propositions are equivalent.
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*c) p ∨ (p ∧ q) ≡ p

Solution:

p q p ∧ q p ∨ (p ∧ q)
T T T T
T F F T
F T F F
F F F F

Since the column for p and the second column in the main part of the table are identical,

the two propositions are equivalent.

8. Show that the statements are not logically equivalent.

*b) (p −→ q) 6≡ (q −→ p)

p q p −→ q q −→ p
T T T T
T F F T
F T T F
F F T T

Since the two columns in the main part of the truth table are not identical, the two

propositions are not equivalent.

9. Use truth tables to show that each of the following is a tautology.

*a) [p ∧ (p −→ q)] −→ q

Solution:

p q p −→ q p ∧ (p −→ q) [p ∧ (p −→ q)] −→ q
T T T T T
T F F F T
F T T F T
F F T F T

Since the given proposition has truth value T is all cases, it is a tautology.
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*c) (p ∧ q) −→ p

Solution:

p q p ∧ q (p ∧ q) −→ p
T T T T
T F F T
F T F T
F F F T

Since the given proposition has truth value T is all cases, it is a tautology.

10. Give proofs of the following equivalences following the pattern at the end of this lesson.

*b) (p ∧ ¬r) −→ ¬q ≡ p −→ (q −→ r)

(p ∧ ¬r) −→ ¬q ≡ ¬(p ∧ ¬r) ∨ ¬q Since s −→ t ≡ ¬s ∨ t

≡ (¬p ∨ ¬(¬r)) ∨ ¬q De Morgan’s Law

≡ (¬p ∨ r) ∨ ¬q Double Negation Law

≡ ¬p ∨ (r ∨ ¬q) Associative Law

≡ ¬p ∨ (¬q ∨ r) Commutative Law

≡ ¬p ∨ (q −→ r) Since s −→ t ≡ ¬s ∨ t

≡ p −→ (q −→ r) Since s −→ t ≡ ¬s ∨ t
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Lesson 2: Selected Exercise Solutions

1. Let P (x) : x2 ≤ 4. Determine the truth values of the following propositions.

*b) P (−3)

Solution: P (−3) is the proposition (−3)2 ≤ 4. Since (−3)2 = 9 and 9 6≤ 4, the proposition

P (−3) is false. It has truth value F .

*c) ∀x ((−1 ≤ x ≤ 1) −→ P (x))

Solution: Let’s make the assumption that the domain for x is all real numbers. If x is any

number between −1 and 1, then x2 will be between 0 and 1, and so it will certainly be true

that x2 ≤ 4. That means the implication is true for all x in its domain.

So ∀x ((−1 ≤ x ≤ 1) −→ P (x)) it T .

2. Let P (x, y) be x has been to y, where the domain of discourse for x is all students in this

class, and the domain of discourse for y is all towns in North Dakota. Express the following

propositions in English.

*b) ∃x¬P (x, Hatton)

Solution: There is a person in this class who has not been to Hatton.

*c) ∃x∀y P (x, y)

Solution: There is a person in this class who has been to every town in North Dakota.

3. Let F (x, y) be the statement x can fool y, where the domain of discourse for both x and y

is all people. Use quantifiers to express each of the following statements.

*c) No one can fool everyone.

Solution: ¬∃x∀yF (x, y). This proposition is logical equivalent to both ∀x(¬∀yF (x, y))

and ∀x∃y¬F (x, y).

*f) Some people can fool themselves.

Solution: ∃xF (x, x).

*4. Negate each of the statements from exercises 2 in English.

*b) ∃x¬P (x, Hatton)

Solution: Everyone in this class has been to Hatton.

*c) ∃x∀y P (x, y)

Solution: No one in this class has been to every town in North Dakota.
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*5. Negate each statement from exercise 3 in logical symbols. Of course, the easy answer

would be to simply put ¬ in front of each statement. But use the principle given in this lesson

to move the negation across the quantifiers.

*c) No one can fool everyone.

Solution: The original (c) could be symbolized as ¬∃x∀yF (x, y).

So its negation is ¬¬∃x∀yF (x, y) ≡ ∃x∀yF (x, y).

*f) Some people can fool themselves.

Solution: The original (f) could be symbolized by ∃xF (x, x).

So its negation is ¬∃xF (x, x) ≡ ∀x¬F (x, x).

*6. Express symbolically: The sum of an even integer and an odd integer is odd.

Solution: Let’s set E(x) to be x is even, and set O(x) to be x is odd. We’ll use the

domain for the variable to be all integers in each predicate. The proposition is symbolized by

∀x∀y((E(x) ∧O(y)) −→ O(x + y)).

*8. Show p ∨ q and ¬p ∨ r, ... q ∨ r is a valid rule of inference. It is called Resolution.

Solution: The easiest way to do this would be to use a truth table to check that the truth

values for ((p ∨ q) ∧ (¬p ∨ r)) −→ (q ∨ r) are always T .

p q r p ∨ q (¬p ∨ r) (p ∨ q) ∧ (¬p ∨ r) q ∨ r ((p ∨ q) ∧ (¬p ∨ r)) −→ (q ∨ r)
T T T T T T T T
T T F T F F T T
T F T T T T T T
T F F T F F F T
F T T T T T T T
F T F F T F T T
F F T T T T T T
F F F F T F F T

An alternative method would be to use known logical equivalences to provide a logical

proof of this rule of inference. That could go as follows:

Argument:

p ∨ q

¬p ∨ r

... q ∨ r
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Proof:

1) p ∨ q hypothesis

2) q ∨ p commutative law

3) ¬q −→ p logical equivalence of (2)

4) ¬p ∨ r hypothesis

5) p→ r logical equivalence of (4)

6) ¬q −→ r hypothetical syllogism using (3) and (5)

7) ¬¬q ∨ r logical equivalence of (6)

8) q ∨ r double negation law

*10. Prove

¬p ∧ q

r −→ p

¬r −→ s

s −→ t

... t

Proof:

1) ¬p ∧ q hypothesis

2) ¬p simplification law from (1)

3) r −→ p hypothesis

4) ¬r modus tollens from (2) and (3)

5) ¬r → s hypothesis

6) s modus ponens from (4) and (5)

7) s −→ t hypothesis

8) t modus ponens from (6) and (7)
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*13. Prove the following argument is valid. All Porsche owners are speeders. No owners of

sedans buy premium fuel. Car owners that do not buy premium fuel never speed. So Porsche

owners do not own sedans. Use all car owners as the domain of discourse.

Solution: Let’s set

P (x): x owns a Porsche.

S(x): x owns a sedan.

F (x): x buys premium fuel.

and

T (x): x speeds. (I picked T for ticket since S was already used for sedan!.)

The argument we need to verify is, in symbols:

Argument:

∀x(P (x)→ T (x))

¬∃x(S(x) ∧ F (x))

∀x(¬F (x) −→ ¬T (x))

... ∀x(P (x) −→ ¬S(x))

Proof:

1) ∀x(P (x) −→ T (x)) hypothesis

2) P (c) −→ T (c) for all car owners c universal Instantiation (1)

3) ∀x(¬F (x) −→ ¬T (x)) hypothesis

4) ¬F (c) −→ ¬T (c) for all car owners c universal instantiation (3)

5) T (c) −→ F (c) for all car owners c logical equivalence of (4)

6) P (c) −→ F (c) for all car owners c hypothetical syllogism from (2) and (5)

7) ¬∃x(S(x) ∧ F (x)) hypothesis

8) ∀x¬(S(x) ∧ F (x)) logical equivalence of (7)

9) ¬(S(c) ∧ F (c)) for all car owners c universal instantiation

10) ¬S(c) ∨ ¬F (c) for all car owners c De Morgan’s law (9)

11) ¬F (c) ∨ ¬S(c) for all car owners c commutative law

12) F (c) −→ ¬S(c) for all car owners c logical equivalence of (11)

13) P (c) −→ ¬S(c) for all car owners c hypothetical syllogism from (6) and (12)

14) ∀x(P (x) −→ ¬S(x)) universal generalization
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Whew!!
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Lesson 3: Selected Exercise Solutions

1. List the members of the following sets.

*b) {x ∈ IR|x4 = 16}
Solution: There are only two real numbers with a fourth power equal to 16, namely

2 and −2, so {x ∈ IR|x4 = 16} = { 2,−2 }.

2. Use set-builder notation to give a description of each set.

*b) {1, 2, 3, 4, 5, 6}
Solution: There are many possible answers to this question.

The most natural is {n |n is an integer and 1 ≤ n ≤ 6 }.

*3. Determine the cardinality of the sets in exercises 1 and 2.

Solution:

(1b): The cardinality of { 2,−2 } is 2. Or, more compactly, |{ 2,−2 }| = 2.

(2b): |{1, 2, 3, 4, 5, 6}| = 6.

*7. Determine the sets A and B, if A−B = {1, 5, 7, 8}, B−A = {2, 10} and A∩B = {3, 6, 9}.
Solution: Since A−B = {1, 5, 7, 8}, it must be that A has these four integers as elements,

and possibly some others. Since B−A = {2, 10}, B has 2 and 10 as elements and possible some

others. So far, we can be sure that A = {1, 5, 7, 8, ???} and B = {2, 10, ???}. Since A ∩ B =

{3, 6, 9} we know these three numbers must be in both A and B, so A = {1, 5, 7, 8, 3, 6, 9, ???}
and B = {2, 10, 3, 6, 9, ???}. If there are any elements of A besides 1, 5, 7, 8, 3, 6, 9, they would

also have to be elements of B since otherwise A − B would have elements besides 1, 5, 7, 8.

But then such other elements would belong to A ∩ B, and that’s not true. So we conclude

A = {1, 5, 7, 8, 3, 6, 9} and B = {2, 10, 3, 6, 9}.
Alternate Solution: We can let set algebra do the thinking for us: A = (A−B)∪(A∩B) =

{1, 5, 7, 8} ∪ {3, 6, 9} = {1, 5, 7, 8, 3, 6, 9} and B = (B − A) ∪ (A ∩ B) = {2, 10} ∪ {3, 6, 9} =

{2, 10, 3, 6, 9}.

*8. Use membership tables to show that A⊕B = (A ∪B)− (A ∩B).

A B A⊕B A ∪B A ∩B (A ∪B)− (A ∩B)
1 1 0 1 1 0
1 0 1 1 0 1
0 1 1 1 0 1
0 0 0 0 0 0

Since the third and sixth columns match, the claimed equality is correct.
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11. Let A = {1, 2, 3, 4}, B = {a, b, c}, C = {α, β}, and D = {7, 8, 9}. Write out the following

Cartesian products.

*c) C ×B ×D

Solution:

C ×B ×D =

{(α, a, 7), (α, a, 8), (α, a, 9),

(α, b, 7), (α, b, 8), (α, b, 9),

(α, c, 7), (α, c, 8), (α, c, 9),

(β, a, 7), (β, a, 8), (β, a, 9),

(β, b, 7), (β, b, 8), (β, b, 9),

(β, c, 7), ((β, c, 8), (β, c, 9)}

*12. What can you conclude about A and B if A×B = B ×A.

Solution: If A = ∅ then, no matter what B is, A×B = B×A since A×B and B×A are

both the empty set. Likewise, if B = ∅, then A×B = B ×A is certain to be true.

If neither A not B is the empty set, and A×B = B×A, then it must be that A = B. To

see why, suppose a ∈ A. Let b be any element of B. Then (a, b) ∈ A×B. Since A×B = B×A,

we can conclude (a, b) ∈ B×A, and so a ∈ B. That shows every element of A is also an element

of B. Reversing the roles of A and B in the last two sentences shows every element of B is

also an element of A. So we have shown A = B.

So the punch line is: If A×B = B ×A, then either A = ∅, or B = ∅, or A = B.
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Lesson 4: Selected Exercise Solutions

*2. Give an indirect proof that if the square of the integer n is odd, then n is odd.

The Plan: Before giving the proof, let’s analyze what we have to do. First, let O(n) be

the predicate n is odd. As stated above, the fact to prove is ∀n(O(n2) −→ O(n)). So to given

an indirect proof we’ll need to prove ∀n(¬O(n) −→ ¬O(n2)). That’s means the proof should

begin with Suppose n is not odd and it should end with So, n2 is not odd. Of course, if you are

reading or writing such a proof, this sort of preliminary mental gymnastics is left unmentioned.

Instead, the proof is just written as follows:

Proof: Suppose n is an integer which is not odd. Then n is even. So n = 2k for an integer

k since to say an integer is even means it is 2 times some integer. Then n2 = (2k)2 = 4k2 =

2(2k2), so n2 is even. That means n2 is not odd. ♣

*4. Give a proof by contradiction that 3
√

2 is irrational.

The Plan: To prove this statement by contradiction, we begin by supposing it is false,

and show that it is possible to arrive a statement known to be false.

Proof: Suppose 3
√

2 is rational. That means we can write 3
√

2 =
m

n
, where m,n are

integers, and the fraction is in lowest terms. Cubing both sides gives 2 =
m3

n3
which can

be rearranged as 2n3 = m3. This shows m3 is even. Now, using the result in exercise 3,

we can conclude m is even. Say m = 2k. That means 2n3 = m3 = (2k)2 = 8k3, and so

n3 = 4k3 = 2(2k3), which shows n3 is even. That means n must be even. So we have reached

a contradiction: The fraction
m

n
is in lowest terms, and it is not in lowest terms (since m,n

have a common factor of 2). →←

*8. In Lesson 1, exercise 1d, you concluded that If x = 2, then x2 − 2x + 1 = 0 is not a

proposition. Using the convention given in this lesson, what would you say now, and why?

Solution: The convention described in this lesson is that there is an implied universal

quantifier preceding the sentence, left for the reader to mentally fill in. So the intended

meaning is ∀x( if x = 2, then x2− 2x+1 = 0) (where it is understood that the domain of x is

say all real numbers). Since the variable is now quantified, this sentence is a proposition. In

fact it is a false proposition since when the variable has value 2, the x = 2 clause is T while

the x2 − 2x + 1 clause is F .
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Lesson 5: Selected Exercise Solutions

*1. The relation S from A = { 1, 2, 3, 4, 5 } to B = { a, b, c, d } is given by the following set

of ordered pairs: S = { (1, a), (3, a), (4, a), (5, b), (1, c), (2, c), (4, c), (5, c), (1, d), (2, d), (3, d) }.
Represent S as a bipartite graph.

Solution:

1

2

3

4

5

a

b

c

d

*5. Define a relation on {1, 2, 3} which is both symmetric and antisymmetric. You can define

your relation either verbally, as a set of ordered pairs, or by drawing a digraph.

Solution: Here is one possible answer as a set of ordered pairs: R = { (1, 1), (3, 3) }. There

are exactly seven other correct answers.

*7. Define the relation S(A,B) : A is a subset of B, where the domains for A and B are all

subsets of ZZ. Which properties does the relation S satisfy?

Solution:

S is reflexive since every set is a subset of itself. So A S A for every subset A of ZZ.

S is not irreflexive since, for just one example, { 1 }S { 1 }.

S is not symmetric since, for just one example, { 1 }S { 1, 2 }, but { 1, 2 }S { 1 } is false.

S is antisymmetric since for any subsets of ZZ, if A S B, and B S A, then A ⊆ B and

B ⊆ A,

so A = B.

S is transitive since A S B and B S C means A ⊆ B and B ⊆ C, so A ⊆ C (as we observed

in lesson 3), so that A S C.

*9. Explain why ∅ (the empty set) is a relation.
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Solution: Here is a verbal description of a relation on the set A = { 1 } which is given by

∅ as a set of ordered pairs: N(x, y): x is not equal to y. So ∅ does represent a relation.

As an alternate solution: ∅ is a relation since every element of ∅ is an ordered pair. If you

do not believe that, I challenge you to show me an element of ∅ that is not an ordered pair!

10.

*a) Let A = {1}, and consider the empty relation, ∅, on A. Which properties does ∅ satisfy?

Solution: As usual, it takes some hard thinking to answer these sorts of questions about

the empty set!

For the relation ∅ on the given set A:

∅ is not reflexive since (1, 1) is not in ∅.
∅ is irreflexive since we can’t find a case of a, b ∈ A with a 6= b but both (a, b), (b, a) ∈ ∅.
∅ is symmetric since If (a, b) ∈ ∅ −→ (b, a) ∈ ∅ is a true proposition. After all, the

antecedent (a, b) ∈ ∅ is always false, so the implication is true!

The antisymmetric and transitive conditions are also true by exactly the same sort of

underhanded reasoning:

∅ is antisymmetric since (a, b), (b, a) ∈ ∅ −→ a = b is true.

∅ is transitive since (a, b), (b, c) ∈ ∅ −→ (a, c) ∈ ∅ is true.
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Lesson 6: Selected Exercise Solutions

1. Let A be the set of people alive on earth. For each relation defined below, determine if it is

an equivalence relation on A. If it is, describe the equivalence classes. If it is not, determine

which properties of an equivalence relation fail.

*c) aL b ⇐⇒ a and b have the same last name.

Solution: Let’s make the reasonable assumption that this relation is defined on the set

of people (and let’s ignore the question of what to do with people from societies where last

names are not used!).

This relation is an equivalence relation. It is reflexive since every person has the same

last name as himself. It is symmetric since if a and b have the same last name, do b and a.

Finally, if a and b have the same last name and b and c have the same last name, then a and

c have the same last name. So all three requirements for an equivalence relation are met.

It isn’t part of the question, but just for practice: The equivalence class of Bill Gates is

the set of all people with last name Gates.

*e) aW b ⇐⇒ a and b were born less than a day apart.

Solution: This relation is easily seen to be reflexive and symmetric. However, it is not an

equivalence relation since it is not transitive. For example, imagine Cal is born 20 hours after

Al, and Sal 20 hours after Cal. The Al W Cal and Cal W Sal are both true, but Al W Sal is

false.

*4. Complete the proof of the theorem on page 3 of this lesson by proving part (1).

Solution: Suppose E is an equivalence relation on a set A. We need to show that if a ∈ [b]

and c ∈ [a], then c ∈ [b]. Since c ∈ [a] we know cEa is true. Since a ∈ [b], we know aEb is true.

Putting cEa and aEb together using the transitivity law, we get cEb. That means c ∈ [b] as

we needed to show. ♣

5. Let A = {1, 2, 3, 4, 5, 6}. In each case, give an example of a function f : A −→ A with the

indicated properties, or explain why no such function exists.

*b) f is neither one-to-one nor onto.

Solution: Here’s one of many possible examples:

f(1) = 1 f(2) = 1 f(3) = 3 f(4) = 4 f(5) = 5 and f(6) = 6

*d) f is onto, but not one-to-one.
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Solution: There cannot be such a function. If the function is onto, it cannot repeat any

values since there are six different inputs and there has to be six different outputs to make the

function onto.

*6. Repeat exercise 6, with the set A = IN.

*b) f is neither one-to-one nor onto.

Solution: One of many possible answers is f(n) = 1 for all n ∈ IN.

*d) f is onto, but not one-to-one.

Solution: One of many possible answers is f(n) = smallest integer bigger than or equal

to
n

2
. For example, f(3) = 2, f(4) = 2, and f(25) = 13.

*8. Suppose g : A −→ B and f : B −→ C are both one-to-one. Prove f ◦ g is one-to-one.

Solution: To show f ◦ g is one-to-one, we will suppose f ◦ g(a) = f ◦ g(b), and show that

a = b. Now the assumption f ◦ g(a) = f ◦ g(b) means f(g(a) = f(g(b)). Since f is one-to-one,

we can conclude g(a) = g(b). But now since g is one-to-one, we get a = b as we needed to

prove. ♣
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Lesson 8: Selected Exercise Solutions

*2. Draw a (college algebra) graph of f(x) = b2x− 1c.

Hint: Let’s think about the function before trying to graph it. When will f(x) = 0? That

is, when will b2x−1c = 0? Answer: The result is 0 provided 0 ≤ 2x−1 < 1. That is, provided
1
2
≤ x < 1. So the graph will be a horizontal line at y = 0 for

1
2
≤ x < 1. Next, when will

f(x) = 1? Answer: When 1 ≤ 2x − 1 < 2. In other words, for 1 ≤ x <
3
2

the graph will be

a horizontal line at y = 1. Continue this sort of reasoning, and you will be able to draw the

graph.

*4. Let f(x) = 4x5 and let g(x) = 2x. Does g ever catch up with f , or does f always stay

ahead of g?

Solution: g does eventually catch f and stays ahead of it after that. This may seem hard

to believe if you just experiment with small values of x. For example,

f(1) = 4 while g(1) = 2

f(2) = 128 while g(2) = 4

f(3) = 972 while g(2) = 8

f(10) = 400000 while g(2) = 1024

and at x = 20, the value of f is 11751424 ahead of the value of g.

But when x get very large, the effect of the x in the exponent in 2x will overwhelm the

effect of the base x in 4x5.

For example,

f(25) = 39062500 while g(25) = 33554432 so now f is ahead by a mere 5508068, and g is

closing the gap!

At x = 25.3, f is ahead by only 152828, and at x = 25.4, g has passed f and is now ahead

by .00000198!

The gap between f and g only gets larger for larger values of x. For example, at x = 26,

g is ahead by 19583360.

With a few more mathematical tools, it’s possible to determine where g catches f (it’s at

about x = 25.3075), also to prove g stays ahead of f after that. But only the sort of numerical

experimenting as given above is expected as an answer to this problem.

*5. The xy button on you calculator is broken. Show how can you approximate 2
√

2 with your

calculator anyhow.
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Solution: There are many possible answers. Here’s one: We need to calculate t = 2
√

2.

Taking logs of both sides gives log t = log 2
√

2 =
√

2 log 2. That last quantity we can compute

with the calculator, getting log t = .4257 · · ·. We can now just hit the 10x button since

10log t = t. So 2
√

2 = t = 10.4257··· = 2.6651 · · ·.

*6. What is the next term in the sequence 1, 2, 3, 5, 6, 7, · · ·? What’s another possible answer?

Solution: These sorts of questions are really a little silly taken at face value. Absolutely

any number is a possible next term in the sequence. There is always a formula or rule that

will justify any value you want. So maybe a better way to state the problem is: I am thinking

of a simple rule used to build a sequence and the first six terms are 1, 2, 3, 5, 6, 7. Guess the

rule!

One possible answer would be that the rule is to list positive integers in increasing order

that are not multiples of 4. So the sequence would run 1, 2, 3, 5, 6, 7, 9, 10, 11, 13, 14, 15, · · ·,

Another possible rule: list the positive integers in increasing order that do not have the

number of letters in their (English) name equal to the number itself. So 1 is included since

one is not a word with one letter. In fact, 4 is (probably) the only number not listed. So the

sequence would run 1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12, · · ·

One more solution: If we count Sunday as day 1, Monday as day 2, and so on, until

Saturday is day 7, then starting in 2006, the day of the week January 1st falls on is given by

the sequence 1, 2, 3, 5, 6, 7, 1, 3, 4, 5, 6, 1, · · ·

*9. Evaluate
∑4

j=1 j2.

Solution: Since there are only four terms in the sum, we can do this by brute force. Of

course, if there were 4000 terms in the sum, we would look for a better way!

4∑
j=1

j2 = 12 + 22 + 32 + 42 = 1 + 4 + 9 + 16 = 30

*12. What is the sum of the first twenty terms of the geometric sequence with initial term 3

and common ratio 2?

Solution: This one is almost still small enough to sum by brute force, but let’s use the

geometric sum formula instead:

The sum we are asked to compute is
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3+3(2)+3(22)+3(23)+· · · 3(219) =
19∑

j=0

3(2j) = 3
19∑

j=0

2j = 3
(

220 − 1
2− 1

)
= 3(220−1) = 3145725
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Lesson 8: Selected Exercise Solutions

*2. Draw a (college algebra) graph of f(x) = b2x− 1c.

Hint: Let’s think about the function before trying to graph it. When will f(x) = 0? That

is, when will b2x−1c = 0? Answer: The result is 0 provided 0 ≤ 2x−1 < 1. That is, provided
1
2
≤ x < 1. So the graph will be a horizontal line at y = 0 for

1
2
≤ x < 1. Next, when will

f(x) = 1? Answer: When 1 ≤ 2x − 1 < 2. In other words, for 1 ≤ x <
3
2

the graph will be

a horizontal line at y = 1. Continue this sort of reasoning, and you will be able to draw the

graph.

*4. Let f(x) = 4x5 and let g(x) = 2x. Does g ever catch up with f , or does f always stay

ahead of g?

Solution: g does eventually catch f and stays ahead of it after that. This may seem hard

to believe if you just experiment with small values of x. For example,

f(1) = 4 while g(1) = 2

f(2) = 128 while g(2) = 4

f(3) = 972 while g(2) = 8

f(10) = 400000 while g(2) = 1024

and at x = 20, the value of f is 11751424 ahead of the value of g.

But when x get very large, the effect of the x in the exponent in 2x will overwhelm the

effect of the base x in 4x5.

For example,

f(25) = 39062500 while g(25) = 33554432 so now f is ahead by a mere 5508068, and g is

closing the gap!

At x = 25.3, f is ahead by only 152828, and at x = 25.4, g has passed f and is now ahead

by .00000198!

The gap between f and g only gets larger for larger values of x. For example, at x = 26,

g is ahead by 19583360.

With a few more mathematical tools, it’s possible to determine where g catches f (it’s at

about x = 25.3075), also to prove g stays ahead of f after that. But only the sort of numerical

experimenting as given above is expected as an answer to this problem.

*5. The xy button on you calculator is broken. Show how can you approximate 2
√

2 with your

calculator anyhow.
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Solution: There are many possible answers. Here’s one: We need to calculate t = 2
√

2.

Taking logs of both sides gives log t = log 2
√

2 =
√

2 log 2. That last quantity we can compute

with the calculator, getting log t = .4257 · · ·. We can now just hit the 10x button since

10log t = t. So 2
√

2 = t = 10.4257··· = 2.6651 · · ·.

*6. What is the next term in the sequence 1, 2, 3, 5, 6, 7, · · ·? What’s another possible answer?

Solution: These sorts of questions are really a little silly taken at face value. Absolutely

any number is a possible next term in the sequence. There is always a formula or rule that

will justify any value you want. So maybe a better way to state the problem is: I am thinking

of a simple rule used to build a sequence and the first six terms are 1, 2, 3, 5, 6, 7. Guess the

rule!

One possible answer would be that the rule is to list positive integers in increasing order

that are not multiples of 4. So the sequence would run 1, 2, 3, 5, 6, 7, 9, 10, 11, 13, 14, 15, · · ·,

Another possible rule: list the positive integers in increasing order that do not have the

number of letters in their (English) name equal to the number itself. So 1 is included since

one is not a word with one letter. In fact, 4 is (probably) the only number not listed. So the

sequence would run 1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12, · · ·

One more solution: If we count Sunday as day 1, Monday as day 2, and so on, until

Saturday is day 7, then starting in 2006, the day of the week January 1st falls on is given by

the sequence 1, 2, 3, 5, 6, 7, 1, 3, 4, 5, 6, 1, · · ·

*9. Evaluate
∑4

j=1 j2.

Solution: Since there are only four terms in the sum, we can do this by brute force. Of

course, if there were 4000 terms in the sum, we would look for a better way!

4∑
j=1

j2 = 12 + 22 + 32 + 42 = 1 + 4 + 9 + 16 = 30

*12. What is the sum of the first twenty terms of the geometric sequence with initial term 3

and common ratio 2?

Solution: This one is almost still small enough to sum by brute force, but let’s use the

geometric sum formula instead:

The sum we are asked to compute is

21



3+3(2)+3(22)+3(23)+· · · 3(219) =
19∑

j=0

3(2j) = 3
19∑

j=0

2j = 3
(

220 − 1
2− 1

)
= 3(220−1) = 3145725
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Lesson 9: Selected Exercise Solutions

*2. List the first five terms of the sequence defined recursively by a0 = 0, and, for n ≥ 1,

an = 3an−1 + 1. Guess a closed form formula for the sequence. (Hint: It might help if you

double the terms of the sequence.)

Solution: The sequence begins 0, 1, 4, 13, 40. Taking the hint, doubling these we get

0, 2, 8, 26, 80 and now we recognize these as 1 less than powers of 3: 1, 3, 9, 27, 81. So it looks

like a reasonable guess is that 2an + 1 = 3n, or an =
3n − 1

2
.

*4. Let r be a fixed real number different from 0. For a positive integer n, the symbol rn

means the product of n r’s. For convenience, r0 is defined to be 1. Give a recursive definition

of rn analogous to the definition of n! given in this chapter.

Solution: r0 = 1. For n ≥ 1, rn = r(rn−1).

*7. Give a recursive definition of the set of positive integers that are not multiples of 4.

Solution: There are many possible answers to this problem. If we call the set S, probably

the most natural description of S is (1) 1, 2, 3 ∈ S, and (2) If n ∈ S, then n + 4 ∈ S.

*9. Describe the strings in the set S of strings over the alphabet Σ = {a, b, c} defined recursively

by (1) λ ∈ S and (2) if x ∈ S, then abcx ∈ S.

Solution: Let’s use the rules to build elements of S until we can guess a description of the

elements in S: λ, abc, abcabc, abcabcabc, abcabcabcabc, · · ·. OK, the answer is clear: S consists

of strings made up of 0 or more repetitions of the string abc.

*11. A palindrome is a string that reads the same in both directions. For example, aabaa

is a palindrome of length five and babccbab is a palindrome of length eight. Give a recursive

definition of the set of palindromes over the alphabet Σ = {a, b, c}.

Solution: Let’s call the set of palindromes P . The plan is to list the shortest elements of

P , and then give a rule for making larger palindromes from smaller ones. Here’s one possible

solution: (1) λ, a, b, c ∈ P and (2) if x ∈ P then axa, bxb, cxc ∈ P .

Notice that we had to include a, b, c ∈ P in rule (1) since starting with just λ ∈ P and

applying rule (2), we will not be able to construct the palindromes a, b and c (or any other

odd length palindromes for that matter).

Here is a second, less obvious, way to describe P : (1)λ, a, b, c ∈ P and (2) if x, y ∈ P ,

then xyx ∈ P . In plain English, to build longer palindromes, take any palindrome and stick
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a palindrome on each end! Experiment with this definition a bit to see how it works. One

nice thing about this second definition is that there is a single building rule instead of three

different rules as in the first description given above.
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Lesson 10: Selected Exercise Solutions

*2. Prove: For every integer n ≥ 1,

1
1 · 2

+
1

2 · 3
+

1
3 · 4

+ · · ·+ 1
n(n + 1)

=
n

n + 1

Solution: For the basis case, we make sure
1

1 · 2
=

1
1 + 1

, and that is true since both

quantities equal
1
2
.

For the inductive step, suppose

1
1 · 2

+
1

2 · 3
+

1
3 · 4

+ · · ·+ 1
n(n + 1)

=
n

n + 1

for some integer n ≥ 1. Then, adding
1

(n + 1)(n + 1 + 1)
to the left side we get,

[
1

1 · 2
+

1
2 · 3

+
1

3 · 4
+ · · ·+ 1

n(n + 1)

]
+

1
(n + 1)(n + 1 + 1)

=
[

n

n + 1

]
+

1
(n + 1)(n + 2)

=
n(n + 2)

(n + 1)(n + 2)
+

1
(n + 1)(n + 2)

=
n(n + 2) + 1

(n + 1)(n + 2)
=

n2 + 2n + 1
(n + 1)(n + 2)

=
(n + 1)2

(n + 1)(n + 2)
=

n + 1
n + 2

as we needed to show.

*4. Prove: For every integer n > 4, 2n > n2.

Solution: In this problem, n = 5 is the basis case, and since 25 = 32 > 25 = 52, the basis

for the induction is established.

Suppose now that 2n > n2 for some integer n > 4. We need to show 2n+1 > (n + 1)2. So

let’s compute. The plan is to start with (n + 1)2, and make over estimates until we see the

quantity is less than 2n.

(n + 1)2 = n2 + 2n + 1 < n2 + 2n + n since n > 4

= n2 + 3n < n2 + (n)n since, again, n > 4

= n2 + n2 = 2n2 < 2(2n) = 2n+1 where we used n2 < 2n in the next to last step
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*7. A sequence is defined recursively by a0 = 0, and, for n ≥ 1, an = 5an−1 +1. Use induction

to prove the closed form formula for an is an =
5n − 1

4
.

Solution: Checking the basis n = 0:
50 − 1

4
=

0
4

= 0 which does equal a0. Suppose now

that ak =
5k − 1

4
for some k ≥ 0, Then

ak+1 = 5ak + 1 = 5
(

5k − 1
4

)
+ 1 =

5k+1 − 5
4

+ 1 =
5k+1 − 5 + 4

4
=

5k+1 − 1
4

as we needed to show. ♣
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Lesson 11: Selected Exercise Solutions

*1. Consider the following algorithm: The input will be two integers, m ≥ 0, n ≥ 1.

step 1: set p = 1

step 2: if m = 0, then output p and stop

step 3: replace p by np

step 4: replace m by m− 1 and go to step 2

Describe in words what this algorithm does. In other words, what problem does this

algorithm solve?

Solution: Let’s experiment with a typical choice for m and n to see if we can guess the

effect of this algorithm. Set m = 3 and n = 2.

Here is the trace for these choices:

step 1: p = 1

step 2: m 6= 0 so continue to step 3.

step 3: p = (2)(1)

step 4: m = 2, go to step 2

step 2: m 6= 0 so continue to step 3.

step 3: p = (2)(2)(1) (let’s not do the arithmetic since that might disguise what is going on)

step 4: m = 1, go to step 2

step 2: m 6= 0 so continue to step 3.

step 3: p = (2)(2)(2)(1)

step 4: m = 0, go to step 2

step 2: m = 0, output 8 (since (2)(2)(2)(1) = 8) and stop.

OK, the operation looks like is puts an additions factor of n each time through the loop,

and since it does this m the result is that (n)(n)(n) · · · (n) (with m factors of n) is printed out.

In other words, the algorithm computes nm. Notice that if m = 0 initially, the 1 is output,

and so even in this case, the correct value of nm is output.

2. For the algorithm of problem 1:

*(a) Select a value to represent the size of an instance of the problem the algorithm is designed

to solve.

Solution: Many different answers are possible here. Probably the most natural would

be to say the operation in step 3 eats up the majority of the effort involved in applying this
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algorithm, and since the number of repetitions of that step depends on m, it’s natural to let

m represent the size of the of an instance of this algorithm.

*5: Design an algorithm that will convert the ordered triple (a, b, c) to the ordered triple

(b, c, a). For example, if the input is (7, X, ∗), the output will be (X, ∗, 7).

Solution: This is a common task in computer programming: moving data from place to

place. The thing to worry about is overwriting part of the data that will be needed later.

Here’s an algorithm that does the trick:

The input will be a triple of symbols: (a, b, c)

step 1: set temp = a (we need to save this value before erasing it!)

step 2: replace a with b

step 3: replace b with c

step 4: replace c with temp (the value of a we saved in step 1)

(So the triple now looks like (b, c, a) as required. We’ll output it to prove that!)

step 5: output (a, b, c) and stop.

Practice with this algorithm until you can see clearly what it is doing. In particular, be

sure the (a, b, c) in the step 5 makes sense.

*7. A palindrome is a sting of letters that reads the same in each direction. For example,

refer and redder are palindromes of length five and six respectively. Design an algorithm that

will take a string as input and output yes if the string is a palindrome, and no if it is not.

Solution: There are many possible correct answers. Here is one:

The input will be a string s:

step 1: set n = number of symbols in the string.

step 2: if n = 0 of n = 1, output palindrome and stop

step 3: if first and last symbols in s are different, output not a palindrome and stop

step 4: delete the first and last symbols from s go to step 1.

Examples:

For input string s = abba the algorithms follows these steps:

step 1: n = 4

step 2: n isn’t 0 or 1 so go to next step.

step 3: a is the same as a so go to step 4

step 4: s = bb

step 1: n = 2
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step 2: n isn’t 0 or 1 so go to next step.

step 3: b is the same as b so go to step 4

step 4: s = λ, the empty string.

step 1: n = 0 so output palindrome and stop.

For input string s = abca the algorithm follows these steps:

step 1: n = 4

step 2: n isn’t 0 or 1 so go to next step.

step 3: a is the same as a so go to step 4

step 4: s = bc

step 1: n = 2

step 2: n isn’t 0 or 1 so go to next step.

step 3: b is the not the same as c so output not a palindrome and stop.
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Lesson 12: Selected Exercise Solutions

For the proofs requested below, use facts and theorem given in this lesson as justifications.

Assume all letters represent integers.

*1. Prove that if a > 0 and b > 0, then ab > 0.

Solution: Suppose the integers a and b are both greater than 0.

Since a > 0, multiplying both sides of 0 < b by a will give a0 < ab according to one of

the rules of inequalities given in the lesson. A theorem proved in this lesson tells us a0 = 0.

So a0 < ab is the same as 0 < ab, and that is what we needed to show. ♣

*4. Prove the cancellation law for multiplication: For integers a, b, c, with c 6= 0, if ac = bc,

then a = b.

Hint: The fact proved in exercise 3 will be useful.

Solution: It’s tempting to say multiply each side by
1
c
. but there is nothing in this lesson

that permits such a step. We haven’t yet officially discussed the idea of fractions! So we’ll

have to work a little harder.

Suppose c 6= 0 and that ac = bc. Add −bc to each side of that last equation to get

ac− bc = bc− bc. Now bc− bc = (b− b)c = 0c = 0, so ac− bc = 0. Using the distributive law,

that last equation can be written as (a − b)c = 0. According to exercise 3, either a − b = 0

or c = 0. Since the second option is definitely wrong, it must be that a− b = 0. Adding b to

each side of that equation tells us a− b + b = 0 + b so that a + 0 = b. In other words, a = b. ♣

*6. Prove: For a, b, c ∈ ZZ, if a|b, then −a|b.

Solution: Suppose a|b. That means ac = b for some integer c. Then (−a)(−c) = ac = b,

so −a|b. ♣

*8. Determine if 1297 is a prime.

Solution: Since
√

1297 = 36.01 · · ·, we will need to check to see if 1297 is divisible by

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, or 31. Testing those 11 values, we find none divides 1297, and so

1297 is a prime.
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Lesson 13: Selected Exercise Solutions

*3. Write a step-by-step algorithm that implements the Euclidean algorithm for finding gcd’s.

Solution: gcd algorithm: Input: two natural numbers, a,b, not both 0.

step 1: if b = 0, then output a and stop

step 2: divide a by b to find remainder r

step 3: replace a by b, and b by r and go to step 1

Remark: Many computer languages have a built in operator to give the remainder when

one integer is divided by a second. In the C language the notation is a%b. So, for example

25%7 = 4 in that language.

*6. What can you conclude about gcd(a, b) if there are integers s, t with as + bt = 1?

Solution: Since the smallest positive integer that is a linear combination of a and b is

gcd(a, b), and since there are no positive integers smaller than 1, we can conclude gcd(a, b) = 1.
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Lesson 15: Selected Exercise Solutions

*2. Determine the prime factorization of 5183.

Solution: The sqruare root of 5183 is certainly less than 80 since 802 = 6400. So, unless

5183 is a prime, we are bound to find a prime factor less than 80. Let’s seach for one by brute

force. Testing 2, 3, 5, 7, 11 · · ·, we eventually discover that 71|5183, and, in fact, 5183 = 71 · 73.

*3. List all the positive divisors of 5183.

Solution: Since 5183 = 71 · 73, there will only be four positive divisors of 5183. They are

710730 = 1 711730 = 71 710731 = 73 and 711731 = 5183

*5. Find all integer solutions to 33x + 12y = 7.

Solution: Since gcd(33, 12) = 3 and 3 does not divide 7, there are no solutions.

*6. Find all integer solutions to 33x + 12y = 6.

Solution: We need one solution to get the ball rolling. We could use the continued fraction

algorithm to write 3 = gcd(33, 12) as a linear combination of 33 and 12, and we would probably

have to do that if the numbers were larger. But with these small numbers we can do the work

in our head: 3 = (33)(−1) + (12)(3).

Multiply that equation by 2 on each side to get (33)(−2) + (12)(6) = 6.

So now we have one solution to the given equation: x = −2 and y = 6.

Using the formulas that produce all solutions once one is known we get all solutions are

given by

x = −2 +
12
3

k = −2 + 4k and y = 6− 33
3

k = 6− 11k

where k is any integer.

For example, when k = 5 we get the solution x = 18, y = −49.
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Lesson 16: Selected Exercise Solutions

1.

*(b) What day of the week is it 3122 days after a Monday?

Solution: Since 3122 ≡ 0 (mod 7), it will again be a Monday.

*4. Determine n between 0 and 19 such that 2311 + 3912 ≡ n mod 20.

underbarSolution:

2311 + 3912 ≡ 11 + 12 ≡ 23 ≡ 3 (mod 20)

*7. Solve: 4x ≡ 1 mod 7.

Solution: Since 7 is such a small number, we can do this problem by brute force. There

are only seven congruences to check:

(4)(0) ≡ 0 6≡ 1 (mod 7)

(4)(1) ≡ 4 6≡ 1 (mod 7)

(4)(2) ≡ 8 ≡ 1 (mod 7)

(4)(3) ≡ 12 6≡ 1 (mod 7)

(4)(4) ≡ 16 6≡ 1 (mod 7)

(4)(5) ≡ 20 6≡ 1 (mod 7)

(4)(6) ≡ 24 6≡ 1 (mod 7)

So the only solution is x ≡ 2 (mod 7).

Solving the same problem by the more general method described in the notes we would

begin by writing 1 = gcd(7, 4) as a linear combination of 7 and 4: (−1)(7) + (2)(4) = 1. Of

course we could do that one in our heads. For larger values, we would use the continued

fraction algorithm to find such a linear combination. From the equation (−1)(7) + (2)(4) = 1

we can read off the solution to 4x ≡ 1 (mod 7) as x ≡ 2 (mod 7).

*10. Convert to decimal: 123, 1234, 12345, and ABC16.

Solution: ABC16 = (10)(162) + (11)(16) + 12 = 2748

*11. Convert the decimal integer 23109 to bases 2, 6, and 16. Remember to use A, · · · , F to

represent base 16 digits from 10 to 15.
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Solution:

23109 = (1444)(16) + 5

1444 = (90)(16) + 4

90 = (5)(16) + A

5 = (0)(16) + 5

So The decimal number 23109 is 5A4516 (hex).

*13. Make base 5 addition and multiplication tables similar to the base 7 multiplication table

of problem 13.

Solution: Here’s the base 5 addition table:

+ 1 2 3 4

1 2 3 4 10

2 3 4 10 11

3 4 10 11 12

4 10 11 12 13
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And here is the base 5 multiplication table:

× 1 2 3 4

1 1 2 3 4

2 2 4 11 13

3 3 11 14 22

4 4 13 22 31
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Lesson 17: Selected Exercise Solutions

*2. Using the data of problem 1, a student has decided to take one biology, one physics, and

one chemistry course. How many different such selections are possible?

Solution: There are 12 choices for the biology course, 10 for the physics course, and 4 for

the chemistry course. So, according to the product rule, there are 12 · 10 · 4 ways to set up a

schedule comprised of one course from each department.

*4. How many words of length six are there if letters may be repeated? (Examples: BBBXBB,

ABATBC are OK).

Solution: Assuming the letters are from the usual 26 letter alphabet, and that the case

does not matter, the product rule says the answer is 26 times itself 6 times: 266.

*7. How many binary strings of length less than or equal to nine are there?

Solution: There is one binary string of length 0, 2 of length 1, 22 of length 2, · · ·, 29 of

length 9. So, according to the sum rule, there are 1+2+22 · · ·+29 binary strings with lengths

nine or less. We could use the geometric sum formula to write the total as
210 − 1
2− 1

= 210−1 =

1023.

*11. In how many ways can those same 26 volumes be placed on a shelf if the volumes labeled

with vowels must be adjacent?

Solution: Let’s begin by imaging the five volumes labeled a,e,i,o,u are bound together

with a rubber band (or maybe, more appropriately considering the subject matter, by alien

matter-antimatter magnetic ectoplasm). In any case, we will move these five volumes as

a unit called V (for vowels). That means we actually have 22 items to arrange on the shelf:

b,c,d,f,g,h,j,k,· · ·,x,y,z, and V. There are 22! to arrange those 22 items. That completes task

#1. Once an arrangement of those 22 items has been selected, we will then apply the reverse

antimatter-matter degausser so we can arrange the five vowel volumes among themselves. We

can do this task #2 in 5! ways. Since we need to do both tasks, we conclude there are 22! 5!

to arrange to books on the shelf.

*12. In how many ways can 6 men and 4 women sit in a row?

Solution: Since there are 10 people with no restrictions on order, there are 10! possible

arrangements.

*15. A lottery ticket consists of five different integers selected from 1 to 99. How many different

lottery tickets are possible? How many tickets would you need to buy to have a one-in-a-million
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chance of winning by matching all five randomly selected numbers?

Solution: There are
(

99
5

)
different tickets. So the chances of any one ticket being a

winner is
1(
99
5

) .
So, assuming we buy n different tickets, the chances of winning are

n(
99
5

) .
We want to pick n so that

n(
99
5

) ≥ 1
1000000

.

Rearrange that, and we see we need n so that n ≥
(
99
5

)
1000000

.

Now
(

99
5

)
=

99 · 98 · 97 · 96 · 95
5!

= 71523144

So we need at least n ≥ 71523144
1000000

= 71.523144 tickets.

In other words, we need to buy 72 tickets.
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Lesson 18: Selected Exercise Solutions

*4. Give a combinatorial proof that
(

2n

2

)
= 2
(

n

2

)
+ n2.

Hint: How many ways are there to select a 2-subset of {a1, a2, · · · , an, b1, b2, · · · bn}?
Solution: We can make a set of size two in three independent ways: Select two a’s, select

two b’s, or select one of each. We can select 2 of the n a’s in
(
n
2

)
ways, we can select 2 b’s in(

n
2

)
ways, and, we can select one of each letter in n · n ways. That gives a total of

(
n

2

)
+
(

n

2

)
+ n · n = 2

(
n

2

)
+ n2

ways to select two elements of that set. On the other hand, since there are 2n elements in

the set, there are
(
2n
2

)
ways to select two elements from it. The two answers we’ve found for

the question about how many ways are there to select two elements of the set must be equal.

So

(
2n

2

)
= 2
(

n

2

)
+ n2

as we needed to show.

*6. Show that if p is a prime and 0 < k < p, then p divides
(

p

k

)
. Hint: When

(
p

k

)
is written

out, how many times does p occur as a factor of the numerator and how many times as a factor

of the denominator?

Solution: Writing out the binomial coefficient we get

(
p

k

)
=

p · (p− 1) · (p− 2) · · · (3)(2)(1)
k · (k − 1) · · · (2)(1)(p− k)(p− k − 1) · · · (2)(1)

Since 0 < k < p, the neither of the products k ·(k−1) · · · (2)(1), (p−k)(p−k−1) · · · (2)(1)

contain a factor of p to cancel the p in the numerator. So, when
(

p

k

)
is reduced to an integer,

the factor of p will remain. That means p divides
(

p

k

)
.

*9. How many positive integers between 1000 and 9999 inclusive are not divisible by any of

4, 10 or 25 (careful!)?

Solution: Let A be the integers between 1000 and 9999 that are multiples of 4. B will be

the integers in that range that are multiples of 10 and C will be those that are multiples of 25.

We can answer the question posed by first determining |A∪B∪C|. By the inclusion-exclusion

formula we get
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|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|

Since 1000 = (250)(4) and 10000 = (2500)(4) we see there are |A| = 2500 − 250 = 2250

multiples of 4 between 1000 and 9999 inclusive. Likewise, there are |B| = 1000 − 100 = 900

multiples of 10 in that range, and |C| = 400− 40 = 360 multiples of 25.

To count A ∩ B, notice that saying an integer is divisible by both 4 and 10 is really the

same as saying it is divisible by 20 (the least common multiple of 4 and 10). So |A ∩ B| =
500 − 50 = 450. In the same way |A ∩ C| = 100 − 10 = 90 and |B ∩ C| = 200 − 20 = 180.

Finally, the integers in A∩B∩C are the multiples of 100, and so |A∩B∩C| = 100−10 = 90.

Putting all these numbers together we get

|A ∪B ∪ C| = 2250 + 900 + 360− 450− 90− 180 + 90 = 2880

Since we want to count the number not divisible by any of these, we need the total number

of integers in the set minus the number we just counted (Good = Total - Bad). So the answer

to the problem is 9000− 2880 = 6120

*11. How many permutations of the digits 1, 2, 3, 4, 5 have no digit in its own spot?

Solution: The answer to problem 10 gives the number of permutations of 1, 2, 3, 4, 5 with

at least one digit in its own spot. In this problems, those would be the bad permutations.

Since there are 5! total permutations, the Good = Total - Bad rule says the answer is:

5!−(answer to problem 10).
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Lesson 19: Selected Exercise Solutions

*3. How many cards must be selected from a deck to be sure that at least 5 of the selected

cards have the same suit?

Solution: Since there are four suits, the general pigeonhole principle formula tells us the

minimum number of cards we need to select is the smallest value of n so that dn
4 e = 5, and a

little experimenting shows that n = 17 is the solution.

We can also just use common sense to answer the question: Since there are four suits,

would could select 16 cards, four of each suit and so not getting five of any one suit, but the

17th card will then certainly give a fifth card of some suit.

*4. Show that in any set of 217 integers, there must be a pair with a difference that is a

multiple of 216.

Solution: Since there are only 216 different values modulo 216, the pigeonhole principle

says some two of the 217 numbers, say m and n, must have the same value modulo 216. So

m ≡ n (mod 216). That means 216 |m− n. So m and n have a difference that is a multiple of

216.

*7. A (cheap) vending machine accepts pennies, nickels, and dimes. Let dn be the number of

ways of depositing n cents in the machine, where the order in which the coins are deposited

matters. Determine a recurrence relation for dn. Give the initial conditions.

Solution: For the recurrence relation, use the following reasoning. assuming n ≥ 10, we

can begin to deposit the coins in one of three ways:

1) Deposit a penny. There are dn−1 ways to add the remaining coins totaling n− 1 cents.

2) Deposit a nickle. There are dn−5 ways to add the remaining coins totaling n− 5 cents.

3) Deposit a dime. There are dn−10 ways to add the remaining coins totaling n−10 cents.

So, by the sum rule, we get dn = dn−1 + dn−5 + dn−10.

For initial conditions, we will need to determine d0, d1, · · · , d9.

Actually, for these values, we can only use pennies and nickles, and the example in the

text tells us these values is given by

d0 = 1, d1 = 1, d2 = 1, d3 = 1, d4 = 1, and for 5 ≤ n ≤ 9, dn = dn−1 + dn−5

So the initial conditions for our problem are
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d0 = 1, d1 = 1, d2 = 1, d3 = 1, d4 = 1,

d5 = 2, d6 = 3, d7 = 4, d8 = 5, , and d9 = 6

*8. Al climbs stairs by taking either one or two steps at a time. For example, he can climb a

flight of three steps in three different ways: (1) one step, one step, one step or (2) two step,

one step, or (3) one step, two step. Determine a recursive formula for the number of different

ways Al can climb a flight of n steps.

Solution: Let cn be the number of ways to climb a flight of n steps. If Al first takes a one

step, he can complete the climb in cn−1 ways. If he starts with a two step, he can complete

the climb in cn−2 ways. By the sum rule, we conclude cn = cn−1 + cn−2.

For the initial conditions: c0 = 1 and c1 = 1.

*11. Find a recurrence relation for the number of bit strings of length n that contain two

consecutive 0’s.

Solution: Let gn be the number of good bit strings of length n (good meaning the string

contains two consecutive 0’s).

Here’s a neat way to think about the recursive relation: A good string of length n (where

n ≥ 2) will end with either a 0 or a 1. If it ends with a 1, the preceding n − 1 bits must be

a good string. If it ends with a 0, there are two possibilities: it could end with 10, in which

case the preceding n− 2 bits must be a good string, but if it ends 00, then any string of length

n− 2 can precede it. So by the sum rule we get

gn = gn−1 + gn−2 + 2n−2 for n ≥ 2

To complete the problem we give the initial conditions: g0 = 0 and g1 = 0.

*12. Find a recurrence relation for the number of bit strings of length n that contain the string

01.

Solution: Let gn be the number of good bit strings of length n (good meaning the string

contains the pattern 01). We can give a non-recursive formula for gn since it is easy to see

that the bad strings of length n are the strings made up of 0 or more 1’s followed by enough

0’s to give the string length n. For example, the bad strings of length 5 are:

00000, 10000, 11000, 11100, 11110, 11111
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In general, there will be n + 1 bad strings of length n, and so, by the Good = Total - Bad rule,

we get gn = 2n − (n + 1).

But, let’s also find a recursive formula for gn since that is what the problem asks for. To

build a good string of length n ≥ 2, we can begin with a 0 on the left end, and then write down

any string of length n− 1, except the all 0 string. So there are 2n−1 − 1 ways to complete the

string. On the other hand, if we begin with a 1 on the left, the following n− 1 bits will have

to be a good string of length n − 1, so there are gn−1 choices for it. By the sum rule, we get

gn = gn−1 + 2n−1 − 1. For the initial condition, we have g1 = 0.
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Lesson 20: Selected Exercise Solutions

*1. Guess the solution to a0 = 0, and a1 = 2, and, for n ≥ 2, an = 4an−1 − 3an−2 and prove

your guess is correct by induction.

Solution: Using the recursive formula, we see the sequence begins 0, 2, 8, 26, 80, 242, and

so it seems a likely guess is that an = 3n − 1.

To prove that the guess is correct, let’s use induction. For the basis case, n = 0, we have

a0 = 0 and 30 − 1 = 0, so that checks out. We may as well check the case n = 1 separately as

well since the recursive formula for an doesn’t kick in until n = 2. So a1 = 2 and 31 − 1 = 2,

so that does check as well.

Now for the inductive step, suppose an = 3n − 1 for n = 0, 1, · · · j for some j ≥ 1. Then

aj+1 = 4aj − 3aj−1 = 4(3j − 1)− 3(3j−1 − 1) = 4 · 3j − 4− 3j + 3 = 3 · 3j − 1 = 3j+1 − 1

as we needed to show. So the formula we guessed for an is correct for all n ≥ 0.

*4. Find a closed form formula for the terms of the Fibonacci sequence: f0 = 0, f1 = 1, and

for n ≥ 2, fn = fn−1 + fn−2.

Solution: The characteristic equation for the recursion fn = fn−1 +fn−2 is r2− r−1 = 0.

Using the quadratic formula, the characteristic roots are found to be

r =
1 +
√

5
2

and r =
1−
√

5
2

So the general solution to the recursive formula is fn = α

(
1 +
√

5
2

)n

+ β

(
1−
√

5
2

)n

.

To determine the values of α and β, we invoke the initial contions:

f0 = 0 = α

(
1 +
√

5
2

)0

+ β

(
1−
√

5
2

)0

= α + β

and

f1 = 1 = α

(
1 +
√

5
2

)1

+ β

(
1−
√

5
2

)1

= α

(
1 +
√

5
2

)
+ β

(
1−
√

5
2

)

Multiplying the second equation by 2 we can rewrite is as 2 = α(1 + sqrt5) + β(1−
√

5).

So we need to solve the system
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α + β = 0

α(1 +
√

5) + β(1−
√

5) = 2

From the first equation, β = −α. Putting that information into the second equation gives

α(1 +
√

5)− α(1−
√

5) = 2

So

α(2
√

5) = 2 which means α =
1√
5

.

So the closed form formula for the terms of the Fibonacci sequence is

fn =
1√
5

(
1 +
√

5
2

)n

− 1√
5

(
1−
√

5
2

)n

*6. Solve (use the general solution from part (a) when solving part (b).)

(a) a2 = 5, a3 = 13 and an = 7an−1 − 10an−2, for n ≥ 4.

(b) a2 = 5, a3 = 13 and an = 7an−1 − 10an−2 + n, for n ≥ 4.

Solution (a): The characteristic eqaution is r2 − 7r + 10 = 0. The left side factors as

(r − 2)(r − 5), and so the characteristic roots are 2, 5. That means the general solution is

an = α2n + β5n. The initial conditions give the eqautions

5 = α22 + β52 = 4α + 25β

13 = α23 + β53 = 8α + 125β

Multiplying the first equation by 5, then subtracting the second gives 12 = 12α so α = 1,

and that in turn means β =
1
25

.

So the solution is an = 2n + 1
255n = 2n + 5n−2 for n ≥ 2.

Solution (b): To solve the nonhomogeneous recursion, we begin by determining a particu-

lar solution. Since the nonhomogeneous part of the recursive formula is n, we assume there is

a particular solution of the form a
(p)
n = An + B. Putting that guess into the recursive formula

we get

An + B = 7(A(n− 1) + B)− 10(A(n− 2) + B) + n
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which means An+B = 7An−7A+7B−10An+20A−10B+n or (4A−1)n−13A+4B = 0.

Since this must be true for any value of n we can conclude 4A − 1 = 0, so A = 1
4 , and

−13A + 4B = 0 so that B = 13
16 .

Thus a particular solution is a
(p)
n = n

4 + 13
16 .

Adding that to the general homogeneous solution found in part (a), we get the general

solution to the nonhomogeneous recursion is an = α2n + β52 + n
4 + 13

16 .

Using the initial conditions, we get two equations involving α and β.

5 = α22 + β52 +
2
4

+
13
16

= 4α + 25β +
21
16

13 = α23 + β53 +
3
4

+
13
16

= 8α + 125β +
25
16

Solving this system in the usual way, we get α = 7
12 and β = 13

240 .

So, the solution to the nonhomogeneous problem is

an =
7
12

2n +
13
240

5n +
n

4
+

13
16

Whew!

*8. Solve (use the general solution from part (a) when solving part (b).)

(a) a0 = 2, a1 = 5, a2 = 15, and an = 6an−1 − 11an−2 + 6an−3, for n ≥ 3.

(b) a0 = 2, a1 = 5, a2 = 15, and an = 6an−1 − 11an−2 + 6an−3 + 2n + 1, for n ≥ 3.

Solution (a): The characteristic equation is r3 − 6r2 + 11r − 6 = 0, and, after a little

experimentation we discover that r = 1 is a solution to that equation, and so r − 1 must be a

factor of the left side. (Do you recall the Factor Theorem from College Algebra? If not, look

it up!) So we have (r− 1)(r2− 5r +6) = 0, and it is easy to see how to complete the factoring:

(r − 1)(r − 2)(r − 3) = 0. So the characteristic roots are r = 1, 2, 3

That means the general solution is an = α1n + β2n + γ3n = α + β2n + γ3n.

The initial conditions require

2 = α + β + γ

5 = α + 2β + 3γ

15 = α + 4β + 9γ

Solving in the usual way shows α = 1, β = −1, and γ = 2,
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So the solution to the recurrence is an = 1− 2n + 2(3n)

Solution (b): For the nonhomogeneous problem, let’s again assume there is a particular

solution of the form a
(p)
n = An + B since that is the shape of the nonhomogeneous portion of

the recurrence relation.

Putting that guess into the recurrence relation we get

An + B = 6(A(n− 1) + B)− 11(A(n− 2) + B) + 6(A(n− 3) + B) + 2n + 1

when we simplify that equation it becomes 2A− 1 = n, and there is no way this equation

can be correct for all choices of n. So, following the suggestion in the text, we’ll multiple our

guess for a particular solution by n. So, now we assume a
(p)
n = An2 + Bn.

Putting this new guess into the recurrence relation we get

An2+Bn = 6(A(n−1)2+B(n−1))−11(A(n−2)2+B(n−2))+6(A(n−3)2+B(n−3))+2n+1

and this time things go better! In fact, we find A =
1
2

and B =
9
2

as you should check.

So now we can write down the general solution to the nonhomogeneous recursion as

an = α + β2b + γ3n +
1
2
n2 +

9
2
n

Invoking the initial conditions leads to the system

2 = α + β + γ +
1
2
(02) +

9
2
(0)

5 = α + 2β + 3γ +
1
2
(12) +

9
2
(1)

1 = α + 4β + 9γ +
1
2
(22) +

9
2
(2)

Solving in the usual way we get α = 8, β = −10, and γ = 4.

So the solution to the recurrence is an = 8− 10(2n) + 4(3n) +
(

1
2

)
n2 +

(
9
2

)
n.
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Appendix: GNU Free Documentation License

Version 1.2, November 2002

Copyright (C) 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies

of this license document, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful

document ”free” in the sense of freedom: to assure everyone the effective freedom to copy

and redistribute it, with or without modifying it, either commercially or noncommercially.

Secondarily, this License preserves for the author and publisher a way to get credit for their

work, while not being considered responsible for modifications made by others.

This License is a kind of ”copyleft”, which means that derivative works of the document

must themselves be free in the same sense. It complements the GNU General Public License,

which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free

software needs free documentation: a free program should come with manuals providing the

same freedoms that the software does. But this License is not limited to software manuals; it

can be used for any textual work, regardless of subject matter or whether it is published as a

printed book. We recommend this License principally for works whose purpose is instruction

or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice

placed by the copyright holder saying it can be distributed under the terms of this License.

Such a notice grants a world-wide, royalty-free license, unlimited in duration, to use that

work under the conditions stated herein. The ”Document”, below, refers to any such manual

or work. Any member of the public is a licensee, and is addressed as ”you”. You accept the

license if you copy, modify or distribute the work in a way requiring permission under copyright

law.
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A ”Modified Version” of the Document means any work containing the Document or a

portion of it, either copied verbatim, or with modifications and/or translated into another

language.

A ”Secondary Section” is a named appendix or a front-matter section of the Document

that deals exclusively with the relationship of the publishers or authors of the Document to the

Document’s overall subject (or to related matters) and contains nothing that could fall directly

within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a

Secondary Section may not explain any mathematics.) The relationship could be a matter

of historical connection with the subject or with related matters, or of legal, commercial,

philosophical, ethical or political position regarding them.

The ”Invariant Sections” are certain Secondary Sections whose titles are designated, as

being those of Invariant Sections, in the notice that says that the Document is released under

this License. If a section does not fit the above definition of Secondary then it is not allowed

to be designated as Invariant. The Document may contain zero Invariant Sections. If the

Document does not identify any Invariant Sections then there are none.

The ”Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts

or Back-Cover Texts, in the notice that says that the Document is released under this License.

A Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A ”Transparent” copy of the Document means a machine-readable copy, represented in a

format whose specification is available to the general public, that is suitable for revising the

document straightforwardly with generic text editors or (for images composed of pixels) generic

paint programs or (for drawings) some widely available drawing editor, and that is suitable

for input to text formatters or for automatic translation to a variety of formats suitable for

input to text formatters. A copy made in an otherwise Transparent file format whose markup,

or absence of markup, has been arranged to thwart or discourage subsequent modification by

readers is not Transparent. An image format is not Transparent if used for any substantial

amount of text. A copy that is not ”Transparent” is called ”Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,

Texinfo input format, LaTeX input format, SGML or XML using a publicly available DTD,

and standard-conforming simple HTML, PostScript or PDF designed for human modification.

Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
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proprietary formats that can be read and edited only by proprietary word processors, SGML or

XML for which the DTD and/or processing tools are not generally available, and the machine-

generated HTML, PostScript or PDF produced by some word processors for output purposes

only.

The ”Title Page” means, for a printed book, the title page itself, plus such following pages

as are needed to hold, legibly, the material this License requires to appear in the title page.

For works in formats which do not have any title page as such, ”Title Page” means the text

near the most prominent appearance of the work’s title, preceding the beginning of the body

of the text.

A section ”Entitled XYZ” means a named subunit of the Document whose title either is

precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another

language. (Here XYZ stands for a specific section name mentioned below, such as ”Acknowl-

edgements”, ”Dedications”, ”Endorsements”, or ”History”.) To ”Preserve the Title” of such

a section when you modify the Document means that it remains a section ”Entitled XYZ”

according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this

License applies to the Document. These Warranty Disclaimers are considered to be included

by reference in this License, but only as regards disclaiming warranties: any other implication

that these Warranty Disclaimers may have is void and has no effect on the meaning of this

License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-

commercially, provided that this License, the copyright notices, and the license notice saying

this License applies to the Document are reproduced in all copies, and that you add no other

conditions whatsoever to those of this License. You may not use technical measures to obstruct

or control the reading or further copying of the copies you make or distribute. However, you

may accept compensation in exchange for copies. If you distribute a large enough number of

copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly

display copies.

3. COPYING IN QUANTITY

49



If you publish printed copies (or copies in media that commonly have printed covers) of

the Document, numbering more than 100, and the Document’s license notice requires Cover

Texts, you must enclose the copies in covers that carry, clearly and legibly, all these Cover

Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both

covers must also clearly and legibly identify you as the publisher of these copies. The front

cover must present the full title with all words of the title equally prominent and visible. You

may add other material on the covers in addition. Copying with changes limited to the covers,

as long as they preserve the title of the Document and satisfy these conditions, can be treated

as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the

first ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto

adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100,

you must either include a machine-readable Transparent copy along with each Opaque copy,

or state in or with each Opaque copy a computer-network location from which the general

network-using public has access to download using public-standard network protocols a com-

plete Transparent copy of the Document, free of added material. If you use the latter option,

you must take reasonably prudent steps, when you begin distribution of Opaque copies in

quantity, to ensure that this Transparent copy will remain thus accessible at the stated lo-

cation until at least one year after the last time you distribute an Opaque copy (directly or

through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well

before redistributing any large number of copies, to give them a chance to provide you with

an updated version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions

of sections 2 and 3 above, provided that you release the Modified Version under precisely this

License, with the Modified Version filling the role of the Document, thus licensing distribution

and modification of the Modified Version to whoever possesses a copy of it. In addition, you

must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the
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Document, and from those of previous versions (which should, if there were any, be listed in

the History section of the Document). You may use the same title as a previous version if the

original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for

authorship of the modifications in the Modified Version, together with at least five of the

principal authors of the Document (all of its principal authors, if it has fewer than five), unless

they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the

publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications adjacent to the other copy-

right notices.

F. Include, immediately after the copyright notices, a license notice giving the public

permission to use the Modified Version under the terms of this License, in the form shown in

the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections and required Cover

Texts given in the Document’s license notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled ”History”, Preserve its Title, and add to it an item stating

at least the title, year, new authors, and publisher of the Modified Version as given on the

Title Page. If there is no section Entitled ”History” in the Document, create one stating the

title, year, authors, and publisher of the Document as given on its Title Page, then add an

item describing the Modified Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for public access to a

Transparent copy of the Document, and likewise the network locations given in the Document

for previous versions it was based on. These may be placed in the ”History” section. You may

omit a network location for a work that was published at least four years before the Document

itself, or if the original publisher of the version it refers to gives permission.

K. For any section Entitled ”Acknowledgements” or ”Dedications”, Preserve the Title of

the section, and preserve in the section all the substance and tone of each of the contributor

acknowledgements and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their

titles. Section numbers or the equivalent are not considered part of the section titles.
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M. Delete any section Entitled ”Endorsements”. Such a section may not be included in

the Modified Version.

N. Do not retitle any existing section to be Entitled ”Endorsements” or to conflict in title

with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as

Secondary Sections and contain no material copied from the Document, you may at your

option designate some or all of these sections as invariant. To do this, add their titles to the

list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct

from any other section titles.

You may add a section Entitled ”Endorsements”, provided it contains nothing but en-

dorsements of your Modified Version by various parties–for example, statements of peer re-

view or that the text has been approved by an organization as the authoritative definition of

a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of

up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified

Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be added by

(or through arrangements made by) any one entity. If the Document already includes a cover

text for the same cover, previously added by you or by arrangement made by the same entity

you are acting on behalf of, you may not add another; but you may replace the old one, on

explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission

to use their names for publicity for or to assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under

the terms defined in section 4 above for modified versions, provided that you include in the

combination all of the Invariant Sections of all of the original documents, unmodified, and

list them all as Invariant Sections of your combined work in its license notice, and that you

preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical

Invariant Sections may be replaced with a single copy. If there are multiple Invariant Sections
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with the same name but different contents, make the title of each such section unique by

adding at the end of it, in parentheses, the name of the original author or publisher of that

section if known, or else a unique number. Make the same adjustment to the section titles in

the list of Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled ”History” in the various

original documents, forming one section Entitled ”History”; likewise combine any sections

Entitled ”Acknowledgements”, and any sections Entitled ”Dedications”. You must delete all

sections Entitled ”Endorsements”.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released

under this License, and replace the individual copies of this License in the various documents

with a single copy that is included in the collection, provided that you follow the rules of this

License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually

under this License, provided you insert a copy of this License into the extracted document,

and follow this License in all other respects regarding verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent

documents or works, in or on a volume of a storage or distribution medium, is called an

”aggregate” if the copyright resulting from the compilation is not used to limit the legal rights

of the compilation’s users beyond what the individual works permit. When the Document

is included in an aggregate, this License does not apply to the other works in the aggregate

which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document,

then if the Document is less than one half of the entire aggregate, the Document’s Cover Texts

may be placed on covers that bracket the Document within the aggregate, or the electronic

equivalent of covers if the Document is in electronic form. Otherwise they must appear on

printed covers that bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of

the Document under the terms of section 4. Replacing Invariant Sections with translations
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requires special permission from their copyright holders, but you may include translations of

some or all Invariant Sections in addition to the original versions of these Invariant Sections.

You may include a translation of this License, and all the license notices in the Document, and

any Warranty Disclaimers, provided that you also include the original English version of this

License and the original versions of those notices and disclaimers. In case of a disagreement

between the translation and the original version of this License or a notice or disclaimer, the

original version will prevail.

If a section in the Document is Entitled ”Acknowledgements”, ”Dedications”, or ”His-

tory”, the requirement (section 4) to Preserve its Title (section 1) will typically require chang-

ing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly

provided for under this License. Any other attempt to copy, modify, sublicense or distribute the

Document is void, and will automatically terminate your rights under this License. However,

parties who have received copies, or rights, from you under this License will not have their

licenses terminated so long as such parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Docu-

mentation License from time to time. Such new versions will be similar in spirit to the present

version, but may differ in detail to address new problems or concerns.

See http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document

specifies that a particular numbered version of this License ”or any later version” applies to it,

you have the option of following the terms and conditions either of that specified version or of

any later version that has been published (not as a draft) by the Free Software Foundation. If

the Document does not specify a version number of this License, you may choose any version

ever published (not as a draft) by the Free Software Foundation.
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