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Abstract

Several two-dimensional theories for predicting the specific damping capacity (SDC) of fiber composite laminates are compared. The
theories considered are those of Adams and Bacon, Adams and Maheri, Ni and Adams and Saravanos and Chamis. No interlaminar
effects are considered. Results show that the theory of Saravanos and Chamis provides the most consistent fit to experimental results
for a range of material properties and laminate layups. For some laminates, however, the Saravanos and Chamis method seems to pre-
dict the wrong trend in SDC variation versus layup angle. It is not clear from the current work whether this result is due to the absence of
interlaminar effects in the theory or the presence of a three-dimensional stress state in the laminate.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Energy dissipation, or damping, is an important consid-
eration in a variety of engineering designs. Composite
materials offer the unique ability to tailor damping behav-
ior, and other properties, for specific applications [1–4]. As
a result, composites can be desirable choices in applications
as varied as wind turbine blades [5–9], beams and shafts
[10,11] and control surfaces [12,13]. A full analysis of
damping performance for arbitrary composite structures
typically requires three-dimensional numerical analysis
due to the mathematical complexity of the problem [14–
17]. Simplified, two-dimensional analyses based on the
principles of Classical Laminate Theory (CLT) have shown
good agreement for particular materials, layups, and geom-
etries, however [1–4,18].

The goal of the current work is to compare several the-
ories available in the literature for predicting the specific
damping capacity (SDC) of composite laminates. Theories
of Adams and Bacon [1], Ni and Adams [3], Adams and
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Maheri [18] and Saravanos and Chamis [19,20] will be
examined. Results from each theory will be compared with
experimental measurements of SDC values. These compar-
isons will help illustrate the strengths and shortcomings of
each theory as well as the use of two-dimensional damping
predictions generally.

An example will then be presented of how the Saravanos
and Chamis method can be applied to a composite beam
whose plies are assembled at arbitrary angles. Damping,
stiffness and deflection predictions for this arbitrary lami-
nate will be presented graphically in several forms, each
with specific advantages in terms of selecting a layup for
a particular set of design requirements. This example will
illustrate the usefulness of the technique in designing fiber
composite structures.

2. Theory

2.1. Overview

All theories compared in this work are based on the
assumptions of classical laminate theory for orthotropic
materials [21,22]. In short, this implies perfect bonding
between plies, no out of plane stresses or strains and small,
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elastic deformations [21,22]. Matrices of applied forces and
moments are written as [N] and [M], respectively, with sub-
scripts used to indicate specific components. The typical
notation used in this paper for subscripts, unless otherwise
noted, is number subscripts, i.e. 1, 2, or 12, are used to
denote principal material directions of a lamina while letter
subscripts, i.e. x, y, or xy, denote the global coordinates of
the laminate. The two coordinate systems are typically off-
set by an angle, h.

For elastic deformations, the strain energy stored in
each ply can be separated into three components: strain
energy in the fiber direction, strain energy transverse to
the fiber direction, and strain energy in shear. Some
amount of each of these components is dissipated during
deformation. One way to quantify this dissipation is by
using the specific damping capacity which is defined as
the strain energy dissipated during a stress cycle, DU,
divided by the maximum strain energy during a stress cycle,
Eq. (1).

w ¼ DU
Umax

ð1Þ

The total strain energy dissipated for each lamina is the
product of the lamina strain energy components with the
damping coefficient for the appropriate mode of deforma-
tion, all integrated over the thickness of the ply. Conse-
quently, this method requires knowledge of three
damping coefficients for each lamina: the longitudinal (fi-
ber direction) coefficient, wLk

, the transverse coefficient,
wTk

, and the in-plane shear coefficient, wLTk
, where the sub-

script k denotes these are the properties of the kth lamina.
The damping coefficients can be determined via tests on
unidirectional laminates under various angles of loading.
The energy dissipation can be summed over the total num-
ber of plies and, using the total energy dissipated in the
laminate, the overall specific damping capacity (SDC) writ-
ten as [1]:

wlaminate ¼ w1 þ w2 þ w12 ð2Þ
2.2. Adams and Bacon theory

Adams and Bacon [1] presented a general equation to
predict the SDC of beams for applied forces, {N}, and
moments, {M}. The equation can be used for any laminate
configuration and the lamina damping coefficients (wLk

,
wTk

, wLTk
) are allowed to be stress dependent:

wlaminate ¼
2
Pn

k¼1

R hk

hk�1
ðdðDU 1Þ þ dðDU 2Þ þ dðDU 12ÞÞdz

fNgTfeog þ fMgTfjg
ð3Þ

Eq. (3) includes contributions from all in-plane stresses but
does not allow for out-of-plane contributions to energy dis-
sipation. The latter limitation is consistent for all theories
presented in this paper. The number of terms involved in
Eq. (3) leads to a level of complexity that can typically only
be handled using numerical techniques. Adams and Bacon
recognized this and derived several approximations to Eq.
(3) that lend themselves to easier solutions by neglecting
certain stresses and strains or limiting the allowable layups
[1].

2.3. Ni and Adams theory

Additional damping prediction equations were devel-
oped by Ni and Adams [3]. They assumed free flexure
deformation, stress-independent damping coefficients
and a symmetric layup [3]. This final assumption leads
to no midplane strains under classical laminate plate the-
ory. In addition to neglecting ry and sxy , Ni and Adams
also argued that the transverse strain, ey , in each lamina
will be much smaller than the longitudinal and shear
strains and could be neglected [3], resulting in Eqs. (4)–
(6)

w1 ¼
8wL

C11p3

Xp=2

k¼1

m2ðQk
11C11 þ Qk

12C12 þ Qk
16C16Þ

� ðm2C11 þ mnC16ÞW k ð4Þ

w2 ¼
8wT

C11p3

Xp=2

k¼1

n2ðQk
11C11 þ Qk

12C12 þ Qk
16C16Þ

� ðn2C11 � mnC16ÞW k ð5Þ

w12 ¼
8wLT

C11p3

Xp=2

k¼1

mnðQk
11C11 þ Qk

12C12 þ Qk
16C16Þ

� ð2mnC11 � m2 � n2
� �

C16ÞW k ð6Þ

where [C] is the normalized flexural compliance of the lam-
inate, [Qk] is the stiffness of the kth lamina, p is the total
number of plies present in the laminate and Wk is a weight-
ing factor based on the position of the kth lamina within
the laminate [3].

2.4. Adams and Maheri theory

Revisions to the Ni and Adams equations were made by
Adams and Maheri [18]. The derivation of the equation
deviated from the method used by Ni and Adams but the
final result is similar. In short, the Adams and Maheri the-
ory is the Ni and Adams theory with slight notational
changes and the transverse lamina strain, ey , term included
[18].

2.5. Saravanos and Chamis theory

The expression for the strain energy of a general lami-
nate under general loading has been formulated by Tse
and Lai [23] and Saravanos and Chamis [19]. Saravanos
and Chamis have also written the three SDC components
in matrix form [19,20]. These results can be combined to
give an expression for the SDC of an arbitrary laminate
under general loading which can be written as



wlaminate ¼

N

M

� �T A� B�

C� D�

� �� 	T AD BD

BD DD

� �
A� B�

C� D�

� �� 	
N

M

� �

N

M

� �T A� B�

C� D�

� �� 	T N

M

� � ð7Þ
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where A*, B*, C* and D* represent the components of the
inverse of the original material stiffness matrix [21,22].
AD, BD, CD and DD are the components of the original
stiffness matrix multiplied by appropriate damping
coefficients.

Eq. (7) is the basis of the Saravanos and Chamis theory.
It should be noted that in their original work, Saravanos
and Chamis also include the possibility of interlaminar
effects, but those are not considered here [21,22]. Though
it is not perhaps immediately apparent, the form of the
Saravanos and Chamis theory expression for laminate
damping is very similar in form to that previously devel-
oped by Adams and Bacon (Eq. (3)). An important distinc-
tion is that Eq. (7) is written in terms of stiffnesses and
strains while Eq. (3) is written in terms of stresses and com-
pliances. This made sense for Adams and Bacon because
they included stress-dependence in their damping coeffi-
cients which the Saravanos and Chamis theory does not.
The tradeoff, however, is that the Adams and Bacon form
is less computationally efficient.

3. Results and discussion

3.1. Comparison with previous work

Experimentally determined values for the specific damp-
ing coefficients were obtained from the literature for several
variations of E-glass–epoxy and carbon–epoxy fiber com-
posites under free-free flexural loading [1–3]. Table 1 lists
the material properties for each laminate [1–3]. These val-
ues were used in the Ni and Adams [3], Adams and Maheri
[2] and Saravanos and Chamis [19] theories to calculate the
predicted values of SDC for various fiber geometries.

All calculations were performed using MATLAB (The
Mathworks, Natick, MA). Unfortunately, the general the-
ory of Adams and Bacon can only be compared with the
Table 1
Material properties for damping results presented.

Material E1 (ksi GPa) E2 (ksi GPa) G12

Fiber Matrix

E-glass Epoxy (DX 210) 5480 1580 712
37.8 10.9 4.9

E-glass Epoxy (Fibredux 913) 6020 1810 730
41.5 12.5 5.0

HMS carbon Epoxy (DX 209) 27,400 882 395
189 6.08 2.7

HMS carbon Epoxy (DX 210) 25,000 1040 545
172 7.17 3.7
data presented in the original paper [1]. This is because
the theory allows for stress dependent damping coefficients
but does not explicitly identify the relationship between the
coefficients and the lamina stresses. The results of Adams
and Bacon could thus not be recalculated for other lami-
nate geometries. Transcription of data points from the ori-
ginal plots has been used to recreate their curves in the
current work.

Adams and Maheri [2] measured the specific damping
capacity of two laminate configurations of Fibredux 913/
glass fiber composites. The first was a balanced symmetric
angle-ply laminate, [�h�/+h�/�h�/+h�]s and the second
was a symmetric unidirectional laminate, [h�]8. Beams were
cut from plates with the above layups and excited at the
fundamental flexural mode of vibration. The variation of
the SDC with fiber orientation for these configurations is
shown in Figs. 1 and 2, respectively. Note that results from
two beam widths are plotted in Fig. 1. No experimental
uncertainty is presented with the original data, but the
beam width does not appear to cause a dramatic effect
on the damping [2]. Results from Kyriazoglou and Guild
indicate this may not be the case for larger ranges of aspect
ratios [24]. All theories predict the SDC values reasonably
well for both laminates. The blank legend symbol for the
Adams/Maheri theory indicates that this theory is identical
to the theory listed above it (Saravanos, in this case) for
this particular laminate.

Figs. 3 and 4 show results from experiments conducted
by Adams and Bacon [1] on DX209/carbon fiber composite
laminates. The layup in Fig. 3 is [h]10 and the layup in
Fig. 4 is [+h/�h]5. No information is given regarding the
difference between experimental data sets 1 and 2 in
Fig. 3 [1]. The Sarvanos and Chamis theory and the Adams
and Bacon theory provide the most consistent fit in terms
of both magnitude of the predicted SDC and shapes of
the curves. Fig. 4 shows that there are some layup/material
(ksi GPa) m12 wL (%) wT (%) wLT (%) Vf References

0.29 0.87 5.05 6.91 0.5 [3]
1

0.2 1.61 6.7 7.3 0.54 [2]
3

0.3 0.64 6.9 10 [1]
2

0.29 0.45 4.22 7.05 0.5 [3]
6



Fig. 1. Variation of the specific damping capacity with fiber orientation
for a glass/epoxy (Fiberdux 913G) laminate with a ‘‘symmetric’’ angle-ply
layup of [�h�/+h�/�h�/+h�]s.

Fig. 2. Variation of the specific damping capacity with fiber orientation
for a glass/epoxy (Fiberdux 913G) laminate with a unidirectional layup of
[h�]8..

Fig. 3. Variation of the specific damping capacity with fiber orientation
for carbon/epoxy (HMS/DX209) laminate with a unidirectional layup of
[h�]10.

Fig. 4. Variation of the specific damping capacity with fiber orientation
for carbon/epoxy (HMS/DX209) laminate with a angle ply layup of [+h�/
�h�]5.
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combinations where the 2D theories are not able to fully
predict the behavior of the material. This may be due to
interlaminar effects or may indicate that a three-dimen-
sional stress state exists for this laminate. Since no uncer-
tainty is quoted on the experimental data, however, no
firm conclusion can be reached.

Ni and Adams [3] investigated symmetric laminates,
[h�/(h + 90)�/(h + 45)�/(h � 45)�]s, for both glass and car-
bon fibers with DX210 epoxy. The width-to-length ratios
of the beams used in the experimental damping determi-
nation was 1:17. The variation of the SDC with respect
to the outer ply orientation for a glass and carbons com-
posites is shown in Figs. 5 and 6, respectively. The
damping trend is captured reasonably well by all theories
for the glass fiber composite but significant discrepancies
are apparent for the carbon fiber material. Both the
Adams and Maheri and Ni and Adams theories signifi-
cantly overpredict the damping for positive angles and
neither capture the shape of the SDC curve for positive
Fig. 5. Variation of the specific damping capacity with outer ply fiber
orientation for a glass/epoxy (glass/DX210) laminate with a layup of [h�/
(h + 90)�/(h + 45)�/(h � 45)�]s.



Fig. 6. Variation of the specific damping capacity with outer ply fiber
orientation for a carbon/epoxy (HMS/DX210) laminate with a layup of
[h�/(h + 90)�/(h + 45)�/(h � 45)�]s.
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values of h as well as the Saravanos and Chamis theory.
For negative values of h, both Adams and Maheri and
Ni and Adams again overpredict the measured damping.
The Saravanos and Chamis theory gives reasonable pre-
dictions for the SDC magnitude at negative values of h,
but seems to predict the wrong shape for the SDC curve
near h ¼ �45�. It is not clear if the discrepancies between
the theory and data for this laminate arise from uncer-
tainty in the experimental results, edge effects, interlami-
nar effects or a three-dimensional stress state.

Fig. 7 shows an interesting result for the Adams and
Maheri theory applied to the [h�/(h + 90)�/(h + 45)�/
(h � 45)�]s carbon/DX210 laminate. The w2 component
of the SDC is plotted versus outer ply orientation. For
some orientations, the Adams and Maheri theory actually
predicts negative values of w2, an unrealistic result that
implies energy generation, rather than damping. Values
Fig. 7. Variation of the specific damping capacity component w2 with
outer ply fiber orientation for a carbon/epoxy (HMS/DX210) laminate
with a layup of [h�/(h + 90)�/(h + 45)�/(h � 45)�]s.
of w2 are positive for all orientations in the Ni and
Adams and Saravanos and Chamis theories but the
shapes of the two curves are significantly different. These
differences can be traced back to the fundamentally differ-
ent assumptions regarding stresses and strains within the
plies.

3.2. Predictions of damping for arbitrary laminates

The Saravanos and Chamis theory will now be applied
to an arbitrary laminate to illustrate the information that
can be provided regarding composite laminate properties.
Values from Table 1 for the Ni and Adams Fibredux
913/glass fiber damping coefficients will be used for all pre-
dictions [3]. The laminate to be analyzed is of the form [h1�/
(h1 + a)�/(h1 � a)�/(h1 + a)�/ (h1 � a)�/ (h2 � a)�/ (h2 + a)�/
(h2 � a)�/ (h2 + a)�/ h2�], where h1, h2, and a could take on
any value from 0� to 180�.

First, let us select a single value for the offset angle,
a ¼ 90�. Fig. 8 illustrates how the SDC of the resulting
laminate varies with changes in h1 and h2 under Mx load-
ing. The maximum possible value of SDC is approximately
5.7% and occurs when h1 ¼ 48� and h1 ¼ 132�. Note that
the resolution of Fig. 8 for both h1 and h2 is 2�. The mini-
mum level of damping that can be achieved in this laminate
is about 1.7%, when h1 ¼ h2 ¼ 90�. Referring to Table 1,
most energy in this material is dissipated by deformations
in the matrix, so both of these results make sense. Values
of h1 and h2 near 45� result in a large contribution from
matrix deformation and lead to large overall values of
energy dissipation. In contrast, values of h1 and h2 near
90� result in most of the laminate (8 of 10 plies) having
Fig. 8. Variation of SDC (%) prediction with fiber orientation angle for
glass/epoxy in a symmetric layup of [h1�/(h1 + 90)�/(h1 � 90)�/(h1 + 90)�/
(h1 � 90)�/(h2 � 90)�/(h2 + 90)�/(h2 � 90)�/(h2 + 90)�/h2�] for Mx 5 0.



Fig. 9. Variation of SDC (%) prediction with fiber orientation angle for
glass/epoxy in a symmetric layup of [h1�/(h1 + 90)�/(h1 � 90)�/(h1 + 90)�/
(h1 � 90)�]s for Mx 5 0.

Fig. 10. SDC – flexural modulus envelope showing all possible combi-
nations predicted by CLT theory for glass/epoxy laminate with layup
[h1�/(h1 + h)�/(h1 � h)�/(h1 + h)�/(h1 � h)�/(h2 � h)�/(h2 + h)�/(h2 � h)�/
(h2 + h)�/h2�].
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the fiber direction aligned along the x-axis. This leads to
very little damping contribution from matrix deformations
and minimizes the overall energy dissipation.

It is necessary to recognize that the value of the SDC
may not be the only laminate property of interest. If a lam-
inate deforms in an undesirable way during loading or cur-
ing (e.g. warps), it may not be able to fulfill its design
requirements despite desirable energy dissipation charac-
teristics. Similarly, the laminate must possess the proper
effective stiffness under a given mode of loading. Contours
showing laminate effective stiffness and warpage behavior
as a function of layup geometry can be created easily
by incorporating the appropriate equations into the
MATLAB code. These can then be compared with the
SDC-layup contour (Fig. 8) to optimize the composite
layup.

It is possible that the entire design space of Fig. 8 is not
attainable or desirable in a given manufacturing situation.
The simplicity of a symmetric layup may be desirable, for
example. In such a situation, a second method of analyzing
the Saravanos and Chamis theory results would be to pull
out SDC values along a specified section of Fig. 8. For a
symmetric laminate, Fig. 9 is the result. Fig. 9 indicates
that values of h1 must be between 31� and 59� to achieve
damping within about 10% of the maximum value for a
symmetric laminate. To be within about 10% of the mini-
mum value, h1 must be between 85� and 95�. Correspond-
ing sections could be constructed for various conditions
(h1 ¼ constant, h2 ¼ constant, h1/ h2 ¼ constant, etc.).

A third method of using the Saravanos and Chamis
technique is to allow all angles, h1, h2, and a, to vary from
0� to 180�. This method allows the full range of laminate
properties that can be achieved to be identified. Fig. 10
shows the range of SDC that are predicted for this lami-
nate as a function of the effective flexural stiffness. The
maximum achievable value of SDC is approximately 6%
and occurs in a laminate with h1 ¼ h2 ¼ 48� and a ¼ 0�.
Minimum damping (�0.8%) occurs in a laminate with
h1 ¼ h2 ¼ a ¼ 0�. The fact that the maximum damping is
in a layup of approximately ±45� and the minimum
damping is in the stiffest laminates is not surprising given
the material properties. What makes Fig. 10 interesting is
the fact that it clearly shows that for a given value of effec-
tive stiffness, it may be possible to tailor the SDC of the
laminate over a relatively large range. Similar design enve-
lopes can be defined for other types of loadings as well as
laminate out-of-plane deformations. The calculations
required to construct Fig. 10 resulted in approximately
26,000 data points and required approximately 45 minutes
to complete on a 3GHz Pentium 4 PC. With the informa-
tion from the CLT method presented in this form, damp-
ing, stiffness and warpage of potential laminates can be
quickly assessed.

4. Conclusions

A comparison of the damping predictions from several
two-dimensional composite laminate theories has been
conducted. Results indicate that the general theory of
Saravanos and Chamis most consistently agrees with
experimental results. Certain layup/material combinations
show significant deviations between theoretical predictions
and experimental data, particularly with stiffer carbon rein-
forcement. More work is needed to determine whether
these differences arise from interlaminar, edge or three-
dimensional stress effects.

The Saranavos and Chamis method has been used to
predict the damping, stiffness and out-of-plane deforma-
tion for an arbitrary composite laminate. Several
approaches to the analysis are presented to quickly identify
the performance envelope of a specific laminate and to tai-
lor properties such as the specific damping coefficient
(SDC) and the effective stiffness. These approaches could
be applied to structures such as wind turbine blades where
energy dissipation and stiffness both play a large role in
successful design performance.
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